This familiar framework falls apart when the time derivatives do not occur quadratically. The Legendre transformation becomes difficult or so intractable that one can't find the hamiltonian.
I. INTRODUCTION
Despite the success of renormalization, infinities remain a major problem in quantum field theory. This problem grows more important as cosmological observations continue to support the existence of dark energy [1] , which may be the energy density of empty space.
We need to be able to compute finite energy densities. This paper advances theories of scalar fields a step closer to that goal.
The ground-state energy of a theory is the low-temperature limit of the logarithmic derivative of the partition function Z(β) with respect to the inverse temperature β. If the action density L is quadratic in the time derivativesφ =φ 1 , . . . ,φ n of the fields, then a linear Legendre transformation gives a hamiltonian H that is quadratic in the momenta π = π 1 , . . . , π n . One can use the hamiltonian to write the partition function as a euclidian path integral in which the momentum integrals are gaussian. Integrating over the momenta, one gets the partition function as a path integral of a probability distribution in the fields.
One then can use Monte Carlo methods to estimate the partition function and the mean values of various observables.
This simple framework falls apart when the time derivatives do not occur quadratically.
This collapse is unfortunate because theories of scalar fields that are quadratic in the time derivatives of the fields have infinite energy densities.
An awkward action is one that is not quadratic in the time derivatives but that is simple enough for one to find its hamiltonian. One typically can't integrate over the momentum π, and the partition function is a double path integral with a complex weight function [2] Z(β) = exp
Standard Monte Carlo methods fail when the weight function assumes negative or complex values.
A very awkward action is one in which the time derivatives of the fields are related to their momenta, the fields, and their spatial derivatives by equations that are not even quartic and so have no algebraic solutions. Very awkward actions usually have no known hamiltonians. To study the ground states of this wide class of theories, we show in Sec. III how to write the partition function of such a theory as a path integral without knowledge of the hamiltonian. Our formula [3] is a double path integral over the fields φ and over auxilliary time derivativesψ
∂ψ k ∂ψ DφDψ (2) in which the n × n determinant is over the indices k = 1, . . . , n and = 1, . . . , n of the fields.
We give four examples of this formula, in one of which we incidentally show that the classical energy of the Nambu-Gotō string is identically zero. The path integral (2) , like the one (1) for awkward actions, has a complex weight function that is not a probability distribution. To estimate such complex path integrals, we introduce in Sec. IV a way that combines the Monte Carlo method with parallel numerical integration and lookup tables. In theories with awkward actions, we numerically integrate over the momenta π in the double path integral (1) . In theories with very awkward actions, we numerically integrate over the auxilliary time derivativesψ in the double path integral (2) . In both cases, we store the values of the integrals in lookup tables and then use the lookup tables to guide standard Monte Carlo estimates. We call this the Atlantic City way. It is well suited to parallel computation and may solve some versions of the sign problem. We demonstrate and test the method by applying it to a quantum-mechanical version of the scalar Born-Infeld model [4] considered as a theory with an awkward action in Sec. V and as a theory with a very awkward action in Sec. VI. In Sec. VII, we extend the Atlantic City way to field theory and use it to estimate the known Green's functions of the scalar free field theory. The paper ends with a summary (Sec. VIII) and an appendix.
The paper does not discuss theories of fields with non-zero spin or higher derivatives [5] or those in which some fields have no time derivatives [6] .
II. REVIEW OF LEGENDRE TRANSFORMATIONS AND PATH INTEGRALS
The lagrangian of a theory tells us about symmetries and equations of motion, but one needs a hamiltonian to determine the time evolution of states and their energies. To find the hamiltonian of a theory of scalar fields φ = {φ 1 , . . . , φ n }, one defines the conjugate momenta π = {π 1 , . . . , π n } as the derivatives of the action density
and inverts these equations so as to write the time derivativesφ j =φ j (φ, π) of the fields in terms of the fields φ (and possibly their spatial derivatives) and their momenta π . The hamiltonian density then is
When the action is quadratic in the time derivatives, Legendre's equations (3) are linear.
Once one has a hamiltonian, one inserts complete sets of eigenstates of the fields φ j and their conjugate momenta π j into the Boltzmann operator exp(−βH) = (exp(−βH/n)) n and writes the partition function as the complex path integral [2] Z(β) = Tr e −βH = φ|e −βH |φ Dφ = exp
If one can integrate over the momenta, then one gets Feynman's formula [2, 7] 
in which L e is the euclidian action density, and Dφ is suitably redefined. In textbook theories, L e is real and positive, and the exponential exp[ − L e (φ,φ)] is a probability distribution wellsuited to Monte Carlo methods.
This procedure is straightforward when the action is quadratic in its time derivatives, and the integrals over the momenta are gaussian. But when the equations (3) that define the momenta have square roots, the hamiltonian usually has a square root. When those equations are cubic or quartic, the Legendre transformation and the hamiltonian are complicated. When they are worse than quartic, no algebraic solution exists, and the hamiltonian typically is unknown. We show how to make path integrals for such very awkward actions in Sec. III.
III. PATH INTEGRALS FOR VERY AWKWARD ACTIONS
Our solution to the problem of making a path integral without a hamiltonian is to use delta functionals to impose Legendre's relation (3) between momenta and the fields and their derivatives. Our formula for the partition function is a double path integral over the fields φ and over auxiliary time derivativesψ
in which the n × n determinant converts Dψ into Dπ, and the energy density
is the hamiltonian density when the time derivativesψ respect Legendre's relation (3) .
If the action is time independent, then the spatial integral of E(φ,ψ) is a constant wheṅ ψ =φ (φ, π), and the equations of motion are obeyed.
The double path integral (7) for the partition function Z(β) is complex and ill-suited to estimation by Monte Carlo methods. We solve this problem in section IV.
To derive our formula (7), we write the path integral (5) as
in which the integration over the n auxiliary fields a makes the second exponential a delta functional δ[π−∂L/∂ψ] that enforces the definition (3) of the momentum π j as the derivative of the action density L with respect to the time derivativeφ j . The jacobian is an n × n determinant that converts Dψ to Dπ. The integration is over all fields that are periodic with period β. Integrating first over a, we get
To integrate over the auxiliary time derivativesψ, we recall the delta-function rule that if a
Thus integrating the triple path integral (10) overψ, we find that the delta functional and the jacobian require the time derivatives to assume the valuesψ 0 (φ, π) =φ(φ, π) that satisfy the definition (3) of the momenta, and we get the path integral (5) over φ and π
On the other hand, if we integrate the triple path integral (10) over π, then we get our proposed formula (7)
This functional integral generalizes the path integral to theories of scalar fields in which the hamiltonian is unknown. A similar formula should work in theories of vector and tensor fields, apart from the issue of constraints.
Our first example is a free scalar field with action density
The determinant in our formula (13) is unity because
Using the abbreviation
we see that the proposed path integral (13) for the free field theory (14) is
the standard result.
Our second example is the scalar Born-Infeld theory [4] with action density
and conjugate momentum
The proposed path integral (13) is
and
Substituting these formulas into (20) gives
DφDψ.
We can set
and so absorb the jacobian in
The partition function (23) then is
where nowψ(φ, π) is the function of φ and π defined by (24).
The action of this theory is awkward, but not very awkward. We can solve Legendre's equation (24) for the time derivativeφ
and find as the hamiltonian density
Thus for this theory, the double path integral (1) is
Our third example is the theory defined by the action density
in which L 0 is the action density (14) of the free field. The derivatives of L are
So the proposed path integral is
Our fourth example is the Nambu-Gotō action density
in which the tau or time derivatives of the coordinate fields X µ do not occur quadratically [8] .
The momenta are
and the second derivatives of the Lagrange density are
The proposed partition function (13) for the Nambu-Gotō action is then
in which the formulas (34) and (35) (withẊ µ →Ẏ µ ) are to be substituted for the first and second derivatives of the action density L with respect to the tau derivativesẎ µ . But because the action density L is a homogeneous function of degree 1 of the time (and space) derivatives of the fields X µ , its energy density vanishes independently of the equations of
by Euler's theorem. Thus the partition function (36) is simply
But since we know that the hamiltonian (37) vanishes, we can use the simpler formula (5) and get for the partition function the badly divergent expression
Monte Carlos let us estimate the mean values of observables weighted by probability distributions [9] . They fail when the weight function assumes negative or complex values.
This failure is one aspect of the sign problem. The double-ratio trick (A.3-A.4) outlined in the appendix is unreliable.
These problems are not hopeless however. For although the weight functions of the double path integrals (1) and (2) are complex, the integrals of these complex weight functions over the momenta π or over the auxiliary time derivativesψ are real and positive. They are the probability distribution that determines the partition function and the mean values of observables.
If one can't do these integrals analytically, one can do them numerically. These numerical integrations are well suited to parallel computation. In the Atlantic City method, one numerically integrates in parallel over the momenta π or over the auxiliary time derivativeṡ ψ in the double path integrals (1 or 2) and stores the values of these integrals in a lookup Our main goal is to study the ground states of field theories, but for simplicity in this paper we will explain and test the Atlantic City method in the context of quantum mechanics.
If the action is awkward, but not very awkward, then we can find the hamiltonian H(q, p) but can't integrate analytically over the momentum p. Then the partition function Z(β) is
We use the approximation
to estimate the partition function as the multiple integral
in which n = β/a, and the paths are periodic q n+1 = q 1 .
The path integral
is an unnormalized functional probability distribution that assigns a number P [q, β] to every path q(t). It is the limit as n → ∞ and a = β/n → 0 of the multiple integral
If the hamiltonian is even in the momentum, then this probability distribution is real
The partition function Z(β) is
The mean value of the energy at inverse temperature β is
The derivative of the probability distribution with respect to β = n a is
So the mean value of the hamiltonian at inverse temperature β is
In the Atlantic City method, one does the p integrations numerically, setting
If one uses N values of q , then one does these 2N 2 numerical integrals. One may do them in parallel.
In most problems of interest, the hamiltonian is an even function of the momentum, H(q, −p) = H(q, p), and the integrals (50 & 51) are real
One's tables need run only over q +1 ≥ q . We have found it convenient to use the variables dq = |q +1 − q | and q and to adjust the resolution of the tables according to the variation of the integrals A(dq , q ) and C(dq , q ).
In terms of these numerical integrals, the mean value of the hamiltonian is
which we may write as
We do a Monte Carlo over the probability distribution
and measure the ratio
When the hamiltonian is a monotonically increasing, even function of the momentum, the integration (52) for A(q +1 , q ) is positive over every interval
for n = 0, 1, 2 . . . where ∆q = q +1 −q . The reason is that when H(q , p) increases with p, the positive integral from p = 2πn/∆q to p = 2π(n + )/∆q weighted by exp(−aH(q , p)) with p in that interval exceeds the negative integral from p = 2π(n + )/∆q to p = 2π(n +1)/∆q weighted by exp(−aH(q , p)) with p in this second interval.
Thus as long as the hamiltonian is a monotonically increasing, even function of the momentum, the product A(q j+1 , q j ) A(q j , q j−1 ) will be an unnormalized probability distribution in the variable q j . It is a simple matter to have one's Monte Carlo code report the minimum value of the integral A(q +1 , q ) (52) and to check that it is positive.
To take a Metropolis step, we pick a new q j and look up the value of the (unnormalized) probability distribution
Usually, the random points q j+1 , q j , and q j−1 are not be among the q j 's in our tables, so our computers use a bilinear interpolation to approximate A(q j+1 , q j ) and A(q j , q j−1 ).
If P (q j ) ≥ P (q j ), then we accept the new q j . If P (q j ) < P (q j ), then we accept the new q j with conditional probability
and otherwise reject it.
V. APPLICATION OF THE ATLANTIC CITY METHOD TO THE BORN-INFELD OSCILLATOR
In this section we demonstrate and test our Atlantic City model on a theory with an awkward action, the quantum-mechanical version of the scalar Born-Infeld model (18-29).
The lagrangian of this model is
The momentum is
and the velocity isq
The hamiltonian of the Born-Infeld oscillator is
In terms of the hamiltonian H 0 = p 2 /2m + mω 2 q 2 /2 of the harmonic oscillator, the hamiltonian H of the Born-Infeld oscillator in the limit M/m 1 is
for M/m 1.
With = c = 1 and β = n a, the partition function is
In the limit M = 0, the hamiltonian (63) is H M =0 = |ω p q|, which is so simple that we can integrate over the momentum and write the partition function as an ordinary path integral
(67)
The naive formula for the partition function is to replace t by −iβ in the path integral for the amplitude
If we applied this rule to the action density (60) in the limit M → 0 keeping mM = 1, then we'd get for the partition function
which is very different from the correct formula (67).
In terms of the variables to q = q √ m and p = p/ √ m, which satisfy the commutation relation [q , p ] = i, the Born-Infeld hamiltonian (63) is
which shows that the energy levels are independent of the mass parameter m. To simplify our notation and expose the actual dependence of these energies, we change variables again to p = √ M p and q = √ M q /ω. After we drop all the primes, we have
The mean value of the hamiltonian at inverse temperature β = na is
Tr
The energy H β is a function of the ratio M/ω and is proportional to M
The ground-state energy is the limit of the ratio as β → ∞ and a → 0.
We wrote Fortran 90 codes to compute in parallel the momentum integrals
for suitably large sets of values of q and q +1 and stored them in lookup tables. We then used the lookup tables in standard Monte Carlos with a Metropolis step (58-59) to estimate the mean value of the hamiltonian at inverse temperature β
in which the unnormalized probability distribution is
and q n+1 ≡ q 1 .
The Monte Carlo codes run fast; all the work is in the lookup tables. We made lookup To test these results, we used Matlab to compute the exact eigenvalues of the BornInfeld oscillator. In terms of the harmonic-oscillator variables a = mω/2 [q + ip/(mω)]
and a † = mω/2 [q − ip/(mω)], the operators q and p are q = a † + a / √ 2mω and p = i mω/2 a † − a , and so the hamiltonian (63) is
in which the mass m does not appear. We made a matrix a as diag(sqrt([1:Nmax]),1) with Nmax = 1000 and a † as its transpose. The Matlab command eig(sqrtm(H)) then gave the exact energy eigenvalues, which generated the red curves in the figures and the exact results in the tables. 
VI. THE ATLANTIC CITY MODEL APPLIED TO A VERY AWKWARD AC-

TION
In this section, we test our Atlantic City method by using it to find the ground-state energy of the Born-Infeld oscillator considered as a theory with a very awkward action.
That is, we pretend that we don't know the Born-Infeld hamiltonian (63) and use our Atlantic City method to evaluate the complex path integral (2) for its partition function.
Instead of the partition function (74), we have the partition function
DqDṡ.
Sending q j → M/m q j /ω andṡ j → M/mṡ j , we can write Z(β) as
Setting dt = a and sending a → a/M , we approximate this path integral on an n × n lattice of spacing a = β/n as the multiple integral
in which the lower limits are q j =ṡ j = 0 and the upper limits are q j → ∞ andṡ j ≤ q 2 j + 1. Apart from the phase factor, the integrand is even inṡ. We numerically compute the integrals
We do these integrals in parallel and store their values in a lookup table. We then use the lookup table and the Monte Carlo method to estimate the mean value
We plotted our results for 0.1 ≤ M c 2 /( ω) ≤ 10, aω = 0.1, and β = 10 3 /M as green dots in Fig. 2 and listed them in Table II. For comparable amounts In this section, we sketch how the Atlantic City method will work in field theory. Suppose the action is awkward, but not very, so that we have a hamiltonian
The form ∇φ 2 ≡ (∇φ) 2 follows from rotational invariance. The path integral for the partition function is
We derive this path integral from integrals of products of matrix elements like
and approximate it on a n 4 lattice with spacing a and β = na as
in which the squared gradients are (∇φ)
The lookup tables are three dimensional with entries
and if one seeks to compute the mean value of the energy density
We have tested the Atlantic City way by using it to estimate the euclidian Green's functions
of the free field theory (14). Using parallel computing, we made three-dimensional lookup tables of the values of A(φ + , φ, ∇φ 2 ) for m = 1 and lattice spacings a = 1, 1/2, 1/4, ..., 1/32, and 0.01. We then used the standard Monte Carlo method to estimate the path integrals
on lattices as big as 80 4 . Our Atlantic City estimates are listed in Table III and plotted in On an infinite lattice of spacing a, the exact euclidian Green's function for y at the origin and x = (na, 0, 0, 0) is [10]
We used Mathematica to numerically integrate this expression and got the values listed in Table IV . Fig. 3 shows that the agreement with our Atlantic City estimates is excellent.
VIII. SUMMARY
We divide the actions of theories of scalar fields into three classes-graceful, awkward, and very awkward. An action is graceful if it is quadratic in the time derivatives of the fields, which then are linearly related to the momenta, the fields, and their spatial derivatives. Its partition function is a path integral over the fields with a positive weight function. An action is awkward if it is not quadratic in the time derivatives of the fields but is simple enough for one to find its hamiltonian. One typically can't integrate over the momenta, and the partition function is a path integral over the fields and their momenta with a complex weight function. An action is very awkward action if the equations for the time derivatives are worse than quartic, and one can't find its hamiltonian. Theories with graceful actions have infinite energy densities. The Atlantic City method lets one estimate the energy density of theories with awkward or very awkward actions, some of which may have finite or less than quartically divergent energy densities [11] . The Atlantic City method also provides a way to estimate the acceleration of the scale factor a(t) which in terms of the energy-momentum tensor T ij and its trace is
in theories with awkward or very awkward actions. So the Atlantic City way of estimating path integrals may lead to a theory of dark energy.
The approximation of multiple integrals with weight functions that assume negative or complex values is a long-standing problem in applied mathematics, called the sign problem.
The Atlantic City method solves it for problems in which numerical integration leads to a positive weight function.
In the course of this paper, we incidentally showed that the classical hamiltonian of the Nambu-Gotō string vanishes identically and that the folk theorem linking path integrals in real and imaginary time can fail when the action is awkward or very awkward. Tr e −βH
(A.1)
The complex action
oscillates and does not give us a probability distribution unless we can integrate over Dψ.
One can write the mean value (A.1) as a ratio of mean values
in which the functional P (φ,ψ) is a normalized probability distribution The numerator also vanishes, so the ratio H = N/D is hard to estimate, being 0/0.
Thus the double-ratio trick (A.3-A.4) is not in general reliable.
